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Abstrat
The aim of this paper is to present a kineti numerial sheme for the omputa-
tions of transient pressurised ows in losed water pipe with non uniform setions.
Firstly, we detail the derivation of the mathematial model in urvilinear oordi-
nates and we performe a formal asymptoti analysis. The obtained system is written
as a onservative hyperboli partial dierential system of equations. We obtain a
kineti interpretation of this system and we build the orresponding kineti sheme
based on an upwinding of the soure terms written as the gradient of a pseudo
altitude. The validation is lastly performed in the ase of a water hammer in an
uniform pipe: we ompare the numerial results provided by an industrial ode
used at EDF-CIH (Frane), whih solves the Allievi equations (the ommonly used
equation for pressurised ows in pipe) by the method of harateristis, with those
of the kineti sheme. To validate the ontrating or expanding ases, we ompare
the presented tehnique to the equivalent pipe method in the ase of an immediate
ow shut down in a quasi-fritionless one-shaped pipe.
Key words: Curvilinear transformation, asymptoti analysis, pressurised ows, ki-
neti sheme
1 Introdution
The presented work takes plae in a more general projet: the modelization of
unsteady mixed ows in any kind of losed domain taking into aount the avitation
problem and air entrapment. We are interested in ows ouring in losed pipe of
non uniform setions, where some parts of the ow an be free surfae (it means
that only a part of the pipe is lled) and other parts are pressurised (it means
that the pipe is full-lled). The transition phenomenon, between the two types
of ows, ours in many situation suh as storm sewers, waste or supply pipes in
hydroeletri installation. It an be indued by sudden hange in the boundary
∗
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onditions as failure pumping. During this proess, the pressure an reah severe
values and ause damages.
The lassial Shallow Water equations are ommonly used to desribe free sur-
fae ows in open hannel. They are also used in the study of mixed ows using
the Preissman slot artefat (see for example [7, 11℄). However, this tehni does not
take into aount depressurisation phenomenon whih ours during a water ham-
mer. We an also ite the Allievi equations whih are ommonly used to desribe
pressurised ows. Nonetheless, the non onservative form is not well adapted to a
natural oupling with the Shallow Water equations (ontrary to the one presented
in [4℄).
The model for the unsteady mixed water ows in losed water pipes and a nite
volume disretization has been previously studied by two of the authors [5℄ and a
kineti formulation has been proposed in [6℄. This paper tends to extend naturally
the work in [6℄ in the ase of losed pipes with non uniform setions.
We establish, in Setion 2, the model for pressurised ows in urvilinear oordi-
nates and reall some lassial properties of this model. Rewritting the soure terms
due to both topography and geometry into a single one that we alled pseudo-altitude
term, we get a model lose to the presented one by the authors in [9℄. In Setion 3,
we present the kineti formulation of this model that will be useful to show the main
properties of the numerial sheme. The last part is devoted to the onstrution of
the kineti sheme: the upwinding of the soure term due to the pseudo topography
is performed in a lose manner desribed by Perthame et al. [9℄ using an energeti
balane at mirosopi level. We have used the generalized harateristis method
to extend the works in [6℄ to the kineti sheme with pseudo-reetions.
Finally, we present in Setion 5 a numerial validation of this study in the uni-
form ase by the omparison between the resolution of this model and the resolution
of the Allievi equation solved by the industrial ode belier used at Center in Hy-
draulis Engineering of Eletriité De Frane (EDF) [12℄ for the ase of ritial water
hammer tests. The validation in non uniform pipes is performed in the ase of an
immediate ow shut down in a quasi-fritionless one-shaped pipe. The results are
ompared to the equivalent pipe method [1℄.
2 Formal Derivation of the model
The presented model is derived from the 3D ompressible Euler system written in
urvilinear oordinates, then integrated over setions orthogonal to the main ow
axis (see below). We neglet the seond and third equation of the onservation of
the momentum and we get an unidiretionnal model. Then, an asymptoti analysis
is performed to get a model lose to the Shallow Water model (to a future oupling
for the study of unsteady mixed ows [4℄).
2.1 The Euler system in urvilinear oordinates
The 3D Euler system in the artesian oordinates is written as follows
∂tρ+ div(ρ
−→
U ) = 0, (1)
∂t(ρ
−→
U ) + div(ρ
−→
U ⊗−→U ) +∇p = F, (2)
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where
−→
U (t, x, y, z) and ρ(t, x, y, z)) denotes the veloity with omponents (u, v, w)
and the density respetively. p(t, x, y, z) is the salar pressure and F the exterior
strenght of gravity.
We dene the domain ΩF of the ow as the union of setions Ω(x) (assumed to be
simply onneted ompat sets) orthogonal to some plane urve with parametriza-
tion (x, 0, b(x)) in a onvenient artesian referene frame (O,
−→
i ,
−→
j ,
−→
k ) where
−→
k
follows the vertial diretion; b(x) is then the elevation of the point ω(x, 0, b(x))
over the plane (O,
−→
i ,
−→
j ) (see Fig. 1). The urve may be, for instane, the axis
spanned by the enter of mass of eah orthogonal setion Ω(x) to the main mean
ow axis, espeially in the ase of a pieewise one-shaped pipe. Notie that we
onsider only the ase of rigid pipe: the setions are only x-dependent.
To see the loal eet indued by the geometry due to the hange of setions and/or
slope, we write the 3D ompressible Euler system in the urvilinear oordinates. To
this end, let us introdue the urvilinear variable dened by
X =
∫ x
x0
√
1 + (b′(ξ))2dξ where x0 is an arbitrary absissa. We set y = Y and
we denote by Z the altitude of any uid partile M in the Serret-Frenet basis
(
−→
T ,
−→
N,
−→
B ) at point ω(x, 0, b(x)):
−→
T is the tangent vetor,
−→
N the normal vetor and−→
B the binormal vetor (see Fig. 1). Then we perform the following transformation
T : (x, y, z)→ (X,Y,Z) and we use the following lemma (whose proof an be found
in [3℄):
Lemma 2.1 Let (x, y, z) 7→ T (x, y, z) be a transformation and A−1 = D(x,y,z)T
the jaobian matrix of the transformation with determinant J .
Then, for any vetor eld Φ one has,
JD(X,Y,Z)Φ = D(x,y,z)(JAΦ)
In partiular, for any salar funtion f , one has
D(X,Y,Z)f = AtD(x,y,z)f
3
Figure 1: Geometri harateristis of the pipe
Let (U, V,W )t be the omponents of the veloity vetor in the (X,Y,Z) oordinates
in suh a way that the ow is orthogonal to the setions Ω(x). Let R be the matrix
dened by R =

 cos θ 0 sin θ0 1 0
− sin θ 0 cos θ


then:

 UV
W

 = R

 uv
w

 .
Applying Lemma 2.1 to the mass onservation equation, we get
J(∂tρ+ div(ρ
−→
U )) = 0
⇐⇒
∂t(Jρ) + ∂X(ρU) + ∂Y (ρJV ) + ∂Z(ρJW ) = 0 (3)
where
J =det


(
1− Z d
dX
θ
)
cos θ 0 sin θ
0 1 0(
1− Z d
dX
θ
)
sin θ 0 cos θ

 . (4)
To get the unidiretionnal Shallow Water-like equations, we suppose that the mean
ow follows the X-axis. Hene, we neglet the seond and third equation for the
4
onservation of the momentum. Therefore, we only perform the urvilinear trans-
formation for the rst onservation equation. To this end, multiplying the onser-
vation of the momentum equation of System (2) by J

 cos θ0
sin θ


and using Lemma
2.1 yields:
J

 cos θ0
sin θ

(∂t(ρ−→U ) + div(ρ−→U ⊗−→U ) +∇p = −ρ∇(−→g .−−→OM)) .
It may be rewritten as:
∂t(JρU) + ∂X(ρU
2) + ∂Y (ρJUV
2) + ∂Z(ρJUW ) + ∂Xp
= −ρJg sin θ + ρUW d
dX
(cos θ)
(5)
where
−−→
OM denotes the position of any partiule M in the loal basis
(
−→
T ,
−→
N,
−→
B ) at point ω(x, 0, b(x)).
Finally, in the (X,Y,Z) oordinates the system reads:

∂t(Jρ) + ∂X(ρU) + ∂Y (ρJV ) + ∂Z(ρJW ) = 0
∂t(JρU) + ∂X(ρU
2) + ∂Y (ρJUV
2) + ∂Z(ρJUW ) + ∂Xp
= −ρJg sin θ + ρUW d
dX
(cos θ)
(6)
Remark 2.1 Notie that κ(X) =
d
dX
θ is the algebri urvature of the axis at ω(x)
and the funtion J(X,Y,Z) = 1−Zκ(X) only depends on variables X,Z. Morever,
we assume J > 0 in ΩF whih orresponds to a reasonnable geometri hypothesis.
Consequently, J denes a dieomorphism and thus the performed transformation
is admissible.
We reall that the main objetive is to obtain a formulation lose to the Shallow
Water equation in order to ouple the two models in a natural way (in a lose
manner desribed in [5℄). The diret integration of Equations (6) over Ω(x) gives a
model whih is not useful, due to the term J , to perform a natural oupling with the
Shallow Water model [4℄ for non uniform pipes. Setting ǫ = H/L a small parameter
(where H and L are two harateristis dimensions along
−→
k and
−→
i axis respe-
tively), we get J = 1 + O(ǫ). We also assume that the harateristi dimension
along the
−→
j axis is the same as
−→
k . We introdue the others harateristis dimen-
sions T, P,U, V ,W for time, pressure and veloity repetively and the dimensionless
quantities as follows:
U˜ = U/U, V˜ = ǫV/U, W˜ = ǫW/U,
X˜ = X/L, Y˜ = Y/H, Z˜ = Z/H, p˜ = p/P, θ˜ = θ, ρ˜ = ρ.
In the sequel, we set P = U
2
and L = TU (i.e. we onsider only laminar ow).
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Under these hypothesis J(X,Y,Z) = J˜(X˜, Y˜ , Z˜) = 1 − ǫZ˜ d
dX˜
θ. So, the resaled
system (6) reads:

∂et(J˜ ρ˜) + ∂ eX(ρ˜U˜) + ∂eY (J˜ ρ˜V˜ ) + ∂ eZ(J˜ ρ˜W˜ ) = 0
∂et(J˜ U˜ ρ˜) + ∂ eX(ρ˜U˜
2
) + ∂eY (J˜ ρ˜U˜ V˜ ) + ∂ eZ(J˜ ρ˜U˜W˜ ) + ∂ eX p˜
= ǫρ˜U˜W˜ ρ˜(X˜)− ρ˜ sin θ˜
Fr,L
2 −
Z˜∂ eX(cos θ)
Fr,H
2
(7)
with Fr,M =
U√
gM
the Froude number along the
−→
i axis and the
−→
k or
−→
j axis
where M is any generi variable.
Formally, when ǫ vanishes the system redues to:

∂et(ρ˜) + ∂ eX(ρ˜U˜) + ∂eY (ρ˜V˜ ) + ∂ eZ(ρ˜W˜ ) = 0
∂et(Uρ˜) + ∂ eX(ρ˜U˜
2) + ∂eY (ρ˜U˜ V˜ ) + ∂ eZ(ρ˜U˜W˜ ) + ∂ eX p˜ = −ρ˜
sin θ˜
Fr,L
2
− Z˜∂ eX(cos θ˜)
Fr,H
2
(8)
Finally, the system in variables (X,Y,Z) that desribes the slope variation and the
setion variation in a losed pipe reads:

∂t(ρ) + ∂X(ρU) + ∂Y (ρV ) + ∂Z(ρW ) = 0
∂t(Uρ) + ∂X(ρU
2) + ∂Y (ρUV ) + ∂Z(ρUW ) + ∂Xp = −ρg sin θ
−Z d
dX
(g cos θ)
(9)
Remark 2.2 To take into aount the frition, we add the soure term −ρgSf−→T
(desribed above) in the momentum equation.
2.2 Shallow Water-like equations in losed pipe
In the following, we use the linearized pressure law p = pa+
ρ− ρ0
βρ0
(see e.g. [11, 13℄)
in whih ρ0 represents the density of the uid at atmospheri pressure pa and β the
water ompressibility oeient equal to 5.0 10−10m2.N−1 in pratie. The soni
speed is then given by c = 1/
√
βρ0 and thus c ≈ 1400m.s−1. The frition term is
given by the Manning-Strikler law (see [11℄),
Sf = K(S)U |U | with K(S) = 1
K2sRh(S)
4/3
where S = S(X) is the surfae area of the setion Ω(X) normal to the main pipe axis
(see Fig. 1 for the notations). Ks is the oeient of roughness and Rh(S) = S/Pm
is the hydrauli radius where Pm is the perimeter of Ω.
System (9) is integrated over the ross-setion Ω. In the following, overlined letters
represents the averaged quantities over Ω. For m ∈ ∂Ω, −→n =
−→m
|−→m| is the outward
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unit vetor at the point m in the Ω-plane and −→m stands for the vetor −→ωm (as
displayed on Fig. 1).
Following the work in [5℄, using the approximations ρU ≈ ρU, ρU2 ≈ ρU2 and
Lebesgue integral formulas, the mass onservation equations beomes:
∂t(ρS) + ∂X(ρq) =
∫
∂Ω
ρ
(
U∂X
−→m −−→V
)
.−→n ds, (10)
where q = SU is the disharge of the ow and the veloity
−→
V = (V,W )t in the
(
−→
N,
−→
B )-plane.
The equation of the onservation of the momentum beomes
∂t(ρq) + ∂X(
ρq2
S
+ c2ρS) = −gρS sin θ + c2ρ dS
dX
− ρSZ d
dX
(g cos θ)
+
∫
∂Ω
ρU
(
U∂X
−→m −−→V
)
.−→n ds
(11)
The integral terms appearing in (10) and (11) vanish, as the pipe is innitely rigid,
i.e. Ω = Ω(X) (see [5℄ for the dilatable ase). It follows the non-penetration
ondition: 
 UV
W

 .−→N = 0.
Finally, omitting the overlined letters exept Z, we obtain the equations for pres-
surised ows under the form

∂t(ρS) + ∂X(ρq) = 0
∂t(ρq) + ∂X(
ρq2
S
+ c2ρS) = −ρSg sin θ − ρSZ d
dX
(g cos θ) + c2ρ
dS
dX
(12)
where the quantity Z is the Z oordinate of the enter of mass.
Remark 2.3 In the ase of a irular setion pipe, we hoose the plane urve
(x, 0, b(x)) as the mean axis and we get obviously Z = 0.
Now, following [5℄, let us introdue the onservative variables A =
ρS
ρ0
the equivalent
wet area and the equivalent disharge Q = AU . Then dividing System (12) by ρ0
we get: 

∂t(A) + ∂X(Q) = 0
∂t(Q) + ∂X(
Q2
A
+ c2A) = −gA sin θ −AZ d
dX
(g cos θ)+
c2A
d
dX
ln(S)
(13)
Remark 2.4 This hoie of variables is motivated by the fat that this system is
formally losed to the Shallow Water equations with topography soure term in non
uniform pipe. Indeed, the Shallow water equations for non uniform pipe reads [4℄:

∂tA+ ∂XQ = 0
∂tQ+ ∂X
(
Q2
A
+ g cos θI1
)
= −gA sin θ −A(h− I1(A)/A) d
dX
(g cos θ)
+g cos θI2
7
where the terms gI1 cos θ, I2 cos θ, (h − I1(A)/A) are respetively the equivalent
terms to c2A, c2A
d
dX
ln(S), Z in System (13). The quantities I1, I2, (h− I1(A)/A)
denotes respetively the lassial term of hydrostati pressure, the pressure soure
term indued by the hange of geometry and the Z oordinate of the enter of
mass. Finally, the hoie of these unknowns leads to a natural oupling between the
pressurised and free surfae model (alled PFS-model presented by the authors in
[4℄).
To lose this setion, let us give the lassial properties of System (13):
Theorem 2.1 (fritionless ase)
1. The system (13) is strily hyperboli for A(t,X) > 0.
2. For smooth solutions, the mean veloity U = Q/A satises
∂tU + ∂X
(
U2
2
+ c2 ln(A/S) + gΦθ + gZ
)
= 0 (14)
where Φθ(X) =
∫ X
X0
Z(ξ)
d
dX
cos θ(ξ) dξ for any arbitrary x0 and Z the altitude
term dened by ∂XZ = sinθ. The quantity
U2
2
+ c2 ln(A/S) + gΦθ + gZ is
also alled the total head.
3. The still water steady states for U = 0 is given by
c2 ln(A/S) + gΦθ + gZ = 0. (15)
4. It admits a mathematial entropy
E(A,Q) =
Q2
2A
+ c2A ln(A/S) + gAΦθ + gAZ
whih satises the entropy inequality
∂tE + ∂X
(
(E + c2A)U
)
6 0
Remark 2.5
• If we onsider the frition term, we have for smooth solutions:
∂tU + ∂X
(
U2
2
+ c2 ln(A/S) + gΦθ + gZ
)
= −gK(S)U |U |
and the previous entropy equality reads
∂tE + ∂X
(
(E + c2A)U
)
= −gAK(S)U2|U | 6 0
• If we introdue Z˜ the so-alled pseudo altitude soure term given by
Z˜ = Z +Φθ − c
2
g
ln(S)
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(where Φθ is dened in Theorem 2.1), we an rewrite System (13) in the simpler
form, lose to the lassial Shallow Water formulation:

∂t(A) + ∂X(Q) = 0
∂t(Q) + ∂X
(
Q2
A
+ p(X,A)
)
+ g∂X Z˜ = 0
(16)
where p(X,A) = c2A.
This reformulation allows us to perform an analysis lose to the presented one by
the autors in [9℄ in order to write the kineti formulation.
3 The kineti model
We present in this setion the kineti formulation (see e.g. [8℄) for pressurised ows
in water pipes modelized by System (16). To this end, we introdue a smooth real
funtion χ suh that
χ(w) = χ(−w) ≥ 0,
∫
R
χ(w) dw = 1,
∫
R
w2χ(w) dw = 1
and denes the Gibbs equilibrium as follows
M(t, x, ξ) = A
c
χ
(
ξ − U
c
)
whih represents the density of partiles at time t, position x and the kineti speed
ξ. Then we get the following kineti formulation:
Theorem 3.1 The ouple of funtions (A,Q) is a strong solution of the Shallow
Water-like system (16) if and only if M satises the kineti transport equation
∂tM+ ξ∂XM− g∂X Z˜∂ξM = K(t, x, ξ) (17)
for some ollision kernel K(t, x, ξ) whih admits vanishing moments up to order 1
for a.e (t,x).
Proof of Theorem 3.1. We get easily the above result sine the following
maro-mirosopi relations holds
A =
∫
R
M(ξ) dξ (18)
Q =
∫
R
ξM(ξ) dξ (19)
Q2
A
+ c2A =
∫
R
ξ2M(ξ) dξ (20)

The reformulation of System (13) and the above theorem has the advantage to give
only one linear transport equation for M whih an be easily disretised (see for
instane [9, 10℄). Morever, the following results hold:
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Theorem 3.2 Let us onsider the minimization problem min E(f) under the on-
straints
f > 0,
∫
R
f(ξ) dξ = A,
∫
R
ξf(ξ) dξ = Q
where the kineti funtional energy is dened by
E(f) =
∫
R
ξ2
2
f(ξ) + c2f(ξ)log(f(ξ)) + c2f(ξ)log(c
√
2π) + gZ˜f(ξ) dξ.
Then the minimum is attained by the funtion M(t, x, ξ) = A
c
χ
(
ξ − U
c
)
where
χ(w) =
1√
2π
exp
(−w2
2
)
a.e.
Morever, the minimal energy is
E(M) = E(A,Q) = Q
2
2A
+ c2A lnA+ gAZ˜
and M satises the still water steady state equation for U = 0, that is,
ξ∂XM− g∂X Z˜∂ξM = 0.
Proof of Theorem 3.2 One may easily verify that f = M is a solution of
the minimization problem. Under the hypothesis f > 0 the funtionnal E(f) is
stritly onvex whih ensures the uniity of the minimum. Furthermore, by a diret
omputation, one has E(M) = E.
The minimum M of the funtionnal E(f) satises the still water steady state
for U = 0,
ξ∂XM− g∂X Z˜∂ξM = 0.
Sine ∂XM = ∂XA
c
χ
(
ξ
c
)
, ∂ξM = A
c2
χ′
(
ξ
c
)
, denoting w = ξ/c, we get
w∂XAχ(w) − g∂X Z˜ A
c
χ′(w) = 0.
On the other hand, the still water steady state at marosopi level is given by
c2 ln(A) + gZ˜ = cst,
and so one has g∂X Z˜ = −c2∂X(lnA). Finally, we get the following ordinary dier-
ential equation
wχ(w) + χ′(w) = 0.
whih gives the result.

4 The kineti sheme with pseudo-reetions
This setion is devoted to the onstrution of the numerial kineti sheme and its
properties. The numerial sheme is obtained by using a ux splitting method on the
previous kineti formulation (17). The soure term due to the pseudo topography
10
∂X Z˜ is upwinded in a lose manner desribed by Perthame et al. [9℄ using an
energeti balane at the mirosopi level. In the sequel, for the sake of simpliity,
we onsider the spae domain innite.
Let us onsider the disretization (mi)i∈Z of the spatial domain with
mi = (Xi−1/2,Xi+1/2), hi = Xi+1/2 −Xi−1/2
whih are respetively the ell and mesh size for i ∈ Z. Let ∆tn = tn+1 − tn, n ∈ N
be the timestep.
Let Uni = (Ani , Qni ), Uni =
Qni
Ani
be respetively the approximation of the mean value
of (A,Q) and the veloity U on mi at time tn.
Let Mni (ξ) =
Ani
c
χ
(
ξ − Uni
c
)
be the approximation of the mirosopi quantities
and Z˜i1mi(X) be the pieewise onstant representation of the pseudo-altitude Z˜.
Then, integrating System (16) over mi × [tn, tn+1], we get:
Un+1i = Uni −
∆tn
hi
(
F−i+1/2 − F+i−1/2
)
(21)
where
F±i+1/2 =
1
∆tn
∫ tn+1
tn
F
(
U(t,X±i+1/2) dt
)
(22)
are the interfae uxes with F (A,Q) = (Q,Q2/A+ c2A)t.
Now, it remains to dene an approximation F±i±1/2 of the ux at the points Xi±1/2.
To this end, we use the kineti formulation (17).
Assume that the disrete marosopi vetor state Uni is known at time tn. We
onsider the following problem{
∂tf + ξ∂Xf − g∂X(Z˜) ∂ξf = 0 (t,X, ξ) ∈ [tn, tn+1]×mi × R
f(tn,X, ξ) =M(tn,X, ξ) (X, ξ) ∈ mi × R (23)
where M(tn,X, ξ) =Mni (ξ) in the ell mi. It is disretized as follows (sine it is a
linear transport equation)
∀i ∈ Z, ∀n ∈ N, fn+1i (ξ) =Mni (ξ)− ξ
∆tn
hi
{
M−i+1/2(ξ)−M+i−1/2(ξ)
}
(24)
where M±i±1/2 denotes the interfae density equilibrium (omputed in setion 4.1).
Finally, we set
Un+1i =
∫
R
(
1
ξ
)
fn+1i (ξ) dξ (25)
and
Mn+1i =
Mn+1i
c
χ
(
ξ − Un+1i
c
)
.
Remark 4.1 We an understand Equation (23) as follows: let us onsider the
following problem,{
∂tf + ξ∂XM− g∂X(Z˜) ∂ξM = 0 (t,X, ξ) ∈ [tn, tn+1]×mi × R
f(tn,X, ξ) =M(tn,X, ξ) (X, ξ) ∈ mi × R. (26)
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Assuming that M(t,X, ξ) is known on [tn, tn+1] × mi × R leads to the same dis-
retization (24) of Equation (23). Hene the numerial sheme (24) avoids to om-
pute expliitely the ollision kernel K at the mirosopi level. Indeed, substrating
Equation (17) to Equation (26), we get:
∂t(M− f)(ξ) = K(t, x, ξ).
Then, integrating the previous identity in time t and ξ yields to:∫
R
(
1
ξ
)
f(ξ) dξ = U .
In other words, using the numerial sheme (24) and the marosopi-mirosopi
relation (25) is a manner to perform all ollisions at one and to reover exatly the
marosopi unknows (A,Q).
Now to omplete the numerial kineti sheme, it remains to dene the mirosopi
uxes M±i±1/2 appearing in equation (24) introdued by the hoie of the onstant
pieewise representation of the pseudo-altitude term Z˜.
4.1 Interfae equilibrium densities
To ompute the interfae equilibrium densities, we use the generalized harateristis
method. Let s ∈ (tn, tn+1) be a time variable and f the solution of the kineti
equation (23). Let i ∈ Z, t ∈ (tn, tn+1) and ξl, ξr be respetively the kineti speed
of a partile at time t on eah side of the interfae Xi+1/2. The harateristi
urves Ξ(s) and X(s) of the kineti transport equation (23) satises the following
equations: 

dΞ
ds
= −g∂xZ˜(X(s))
dX
ds
= Ξ(s)
(27)
where the nal onditions are dened by{
Ξ(t) = ξ
X(t) = Xi+1/2
(28)
for some onstant ξ dened later. By a straightforward omputation, we get the
following mehanial onservation law:
d
ds
(
Ξ(s)2
2
+ gZ˜(s)
)
= 0. (29)
Sine Z˜ is a pieewise onstant funtion, the solution Ξ of the ordinary dierential
equation (27) is a pieewise onstant solution. So, we need to dene an admissible
jump ondition to get only physial solutions of the problem (27). Thanks to the
relation (29), we get the jump ondition:
[
Ξ2
]
=
[
2gZ˜
]
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that is also:
ξ2l
2
− ξ
2
r
2
= g∆Z˜i+1/2 (30)
where ∆Z˜i+1/2 is suh that
Z˜i+1 − Z˜i = ∆Z˜i+1/2δXi+1/2
with δa is the Dira mass at point a. The quantity ∆Z˜i+1/2 is the potential bareer.
Next, solving System (27) on mi × (tn, tn+1) with the nal onditions :{
Ξ(t) = ξl
X(t) = Xi+1/2
, (31)
we get
Ξ(s) = ξl and X(s) = ξl(s− tn+1) +Xi+1/2. (32)
Figure 2: The potential bareer: transmission and reetion of partile
Top: the physial onguration
Middle: the harateristi solution in (X,Ξ)-plane
Bottom: the harateristi solution in (X, t)-plane
Due to the jump ondition (30) and the sign of the kineti speed, we distinguish
three admissible ases as displayed on Fig. 2.
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- The ase ξl > 0 orresponds to the positive transmission (this means that the
partile omes from the left) and we dedue from Equalities (32) that the left
mirosopi ux M−i+1/2(ξ) is equal to Mni (ξ).
- The ase ξl < 0 and ξ
2
l − 2g∆Z˜i+1/2 < 0 is the so-alled reetion ase. The
ondition ξ2l − 2g∆Z˜i+1/2 < 0 says simply that the slope ξl of the X solution
(32) annot exeed
√
2g∆Z˜i+1/2 (as displayed on Fig. 2 (bottom)) and so
the uxM−i+1/2(ξ) is given byMni (−ξ). Physially, sine the partile with the
kineti speed ξl, under the previous kineti ondition, has not enough energy
to overpass the bareer, it is reeted with the kineti speed −ξl.
- The last ase is when ξl < 0 and ξ
2
l − 2g∆Z˜i+1/2 > 0. This ase orresponds
to the negative transmission: this means we take into aount the partiles
oming from the right side with negative kineti speed. Contrary to the re-
etion ase, the onstraint on the X slope is limited by ξl > −
√
2g∆Z˜i+1/2
and we get as solution Mni+1
(
−
√
ξ2 − 2g∆Z˜i+1/2
)
. From a physial point
of view, the observed partile at the left of the interfae omes from the right
side with a kineti speed ξr < 0 where ξr = −
√
ξ2l − 2g∆Z˜i+1/2, taking into
aount the gain or loss of potential energy through the bareer (as displayed
on Fig. 2 (bottom)).
Finally, adding the previous results we obtain:
M−i+1/2(ξ) =
positive transmission︷ ︸︸ ︷
1ξ>0Mni (ξ) +
reflection︷ ︸︸ ︷
1ξ<0,ξ2−2g∆ eZi+1/2<0M
n
i (−ξ)
+ 1
ξ<0,ξ2−2g∆ eZi+1/2>0M
n
i+1
(
−
√
ξ2 − 2g∆Z˜i+1/2
)
︸ ︷︷ ︸
negative transmission
M+i+1/2(ξ) =
negative transmission︷ ︸︸ ︷
1ξ<0Mni+1(ξ) +
reflection︷ ︸︸ ︷
1
ξ>0,ξ2+2g∆ eZi+1/2<0
Mni+1(−ξ)
+ 1ξ>0,ξ2+2g∆ eZi+1/2>0
Mni
(√
ξ2 + 2g∆Z˜i+1/2
)
︸ ︷︷ ︸
positive transmission
(33)
The mirosopi ux at the right of the interfae is obtained following a same
approah.
4.2 Numerial properties
We present some numerial properties of the marosopi sheme (21)-(22), namely
the stability and the preservation of the still water steady state. The stability of
the kineti sheme depends on a kineti CFL ondition
∆tn
maxi hi
ξ < 1, ∀ξ
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and so, on the support of the maxwellian funtion (e.g. we see that from the
mirosopi uxes in Subsetion 4.1). The support of the maxwellian funtion om-
puted in Theorem 3.2 is not ompat, then the stability ondition annot be sat-
ised. Therefore, in the sequel, we will onsider the partiular Gibbs equilibrium
χ(w) =
1
2
√
3
1[−
√
3,
√
3](w) introdued by the authors in [2℄ and used in [6℄ in the
ase of pressurised ows in uniform losed pipe.
Let us present the numerial properties of the sheme (23)-(33),
Theorem 4.1
1. Assuming the CFL ondition
∆tn
maxi∈Z hi
max
i∈Z
(
|Uni |+
√
3c
)
< 1,
the numerial sheme (23)-(33) keeps the wet equivalent area A positive.
2. The still water steady state is preserved:
Uni = 0,
c2
g
ln(ρni ) + Z˜i = cst
Proof of Theorem 4.1. (It is similar to the one obtained in [9℄) Let us suppose
Ani > 0 for all i ∈ Z and n ∈ N. Let ξ± = max(0,±ξ) be the positive or negative
part of any real and σ =
∆tn
maxi hi
, Equation (23) reads:
fn+1i (ξ) > (1− σ|ξ|)Mni (ξ)
+σξ+
(
1ξ2+2g∆ eZi+1/2<0
Mni (−ξ)
+1ξ2+2g∆ eZi−1/2>0
Mni−1
(√
ξ2 + 2g∆Z˜i+1/2
))
+σξ−
(
1ξ2−2g∆ eZi+1/2<0M
n
i (−ξ)
+1
ξ2−2g∆ eZi−1/2>0M
n
i+1
(
−
√
ξ2 − 2g∆Z˜i+1/2
))
Sine the support of the χ funtion is ompat, we get
fn+1i (ξ) > 0 if |ξ − unj | <
√
3c, ∀j ∈ Z
whih implies |ξ| < |unj |+
√
3c. Using the CFL ondition σ|ξ| ≤ 1, we get the result.
Morever, sine fn+1i is a sum of positive term, we obtain f
n+1
i > 0, hene the wet
equivalent area at time tn+1 is positive, i.e.
An+1i =
∫
R
fn+1i (ξ) dξ > 0.
To prove the seond point, we distinguish ases ξ > 0 and ξ < 0 to show the equality
Mi+1/2 = Mi−1/2. Using the jump ondition (30), we easily obtain fn+1i = Mni
whih gives the result.

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Now let us also remark that the kineti sheme (24)-(33) is wet equivalent area on-
servative . Indeed, let us denote the rst omponent of the disrete uxes (FA)
±
i+1/2:
(FA)
±
i+1/2 :=
∫
R
ξM±i+1/2(ξ) dξ
An easy omputation, using the hange of variables w2 = ξ2 − 2g∆Z˜i+1/2 in the
interfae densities formulas dening the kineti uxes M±i+1/2, allows us to show
that:
(FA)
+
i+ 1
2
= (FA)
−
i+ 1
2
5 Numerial Validation
The validation is performed in the ase of a soft and sharp water hammer in an
uniform pipe. Then we ompare the results to the ones provided by an industrial
ode used at EDF-CIH (Frane) (see [12℄), whih solves the Allievi equation by the
method of harateristis. The validation in non uniform pipes is performed in the
ase of an immediate ow shut down in a quasi-fritionless one-shaped pipe. The
results are then ompared to the equivalent pipe method [1℄.
5.1 The uniform ase
We present now numerial results of a water hammer test. The pipe of irular ross-
setion of 2 m2 and thikness 20 m is 2000 m long. The altitude of the upstream
end of the pipe is 250 m and the slope is 5◦. The Young modulus is 23 109 Pa sine
the pipe is supposed to be built in onrete. The total upstream head is 300 m.
The initial downstream disharge is 10 m3/s and we ut the ow in 10 seonds for
the rst test ase and in 5 seonds for the other.
We present a validation of the proposed sheme by omparing numerial results of
the proposed model solved by the kineti sheme with the ones obtained by solving
Allievi equations by the method of harateristis with the so-alled belier ode:
an industrial ode used by the engineers of the Center in Hydraulis Engineering of
Eletriité De Frane (EDF) [12℄.
A simulation of the water hammer test was done for a CFL oeient equal to 0.8
and a spatial disretisation of 1000 mesh points. In the gures Fig. 3 and Fig.
4, we present a omparison between the results obtained by our kineti sheme
and the ones obtained by the belier ode: the behaviour of the disharge at the
middle of the pipe. One an observe that the results for the proposed model are
in very good agreement with the solution of Allievi equations. A little smoothing
eet and absorption may be probably due to the rst order disretisation type.
A seond order sheme may be implemented naturally and will produe a better
approximation.
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5.2 The ase of non uniform irular pipe
We present a test of the proposed kineti sheme in the ase of a ontrating or
expanding irular pipes of length L = 1000m. The downstream radius is kept
onstant, equal to R2 = 1m and the upstream radius varies from R1 = 1m to 4m
by steps of 0.25m. The others paramaters are N = 300 mesh points, KS = 9000
(this means that the wall of the pipe is very smooth), CFL= 0.8. The upstream
disharge before the shut-down (1.5 seonds) is xed to 10m3.s−1 while the up-
stream ondition is a onstant total head. We assume also that the pipe is rigid.
Then for eah value of the radius R1, we ompute the water hammer pressure rise
at the position x = 96m of the pipe and we ompare it to the one obtained by the
equivalent pipe method (see [1℄). The results are presented in Fig. 5 and show a
very good agreement.
We point out that the behaviour of the solutions orresponding to the equivalent
pipe method and our method are dierent: this is due to the dynami treatment
of the term c2
d lnS
dX
related to the variable setion whih is not present in the
equivalent pipe method: see Fig. 6, Fig. 7, Fig. 8 :
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Figure 5: Comparison in the predition of pressure rises in one-shaped pipes between
the present method and the equivalent pipe method
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